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Outline

Part 1

Basic concept

Steps of error analysis and calculation

Error independent functional principle (EIFP)

Error analysis methods

Part 2




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Error Analysis/Precision Analysis
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Steps

Step 1. Determine the error sources

Step 2. Analysis the influence of each source on the 

accuracy of instrument

Step 3. Precision propagation & accumulation
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EIFP

For the ideal conditions, the relationship between the 

output and the measurand and the characteristic 

parameters of the instrument

 nqqqxfy 002010 ,,,, 

Number of characteristic 

parameters

Design values of 

characteristic parameters

Measurand
Indicate under 

ideal conditions
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EIFP

Assume the errors of the characteristic parameters of 

the instrument are          , then

Practical output equation
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EIFP

Instrument error equation

Only              , the instr. error due to         is

Simplification
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EIFP

(Local error          ) is the error only due to

The instr. equation does exist before manufacturing

iy iqiQ
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Error influence coefficient 

based on Ideal Equation

Error influence coefficient 

based on Actual Equation
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EIFP

When there are characteristic errors for all 

characteristic parameters, which are independent, the 

instrument error equals

…
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EIFP/

, 
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Error Analysis Methods

Differential method

Geometric method

Functional line and instantaneous arm method

Mathematical fitting method

Error analysis method for control systems

Vector Algebra

Coordinate Transformation

Other methods

Summary
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Differential Method

Differential Method



Ex: Error analysis of a laser interferometer

Original Michelson 

Interferometer 

--In the 1890s
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Error Analysis of a Laser Interferometer

Working principle of a laser interferometer

Application of Differential method
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Error Analysis of a Laser Interferometer

Working principle of a laser interferometer

Application of Differential method

Error of a laser interferometer

--Under Ideal Condition
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Differential Method

Advantages



Disadvantages



Ex: 

                       
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

mailto:dhwang@cqu.edu.cn


16E-mail: dhwang@cqu.edu.cn

URL: http://www.pilab.coe.cqu.edu.cn/

Geometric Method

Geometric Method



Detailed Steps





 , 
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Geometric Method

Cases

Ex: Reading Error due to Eccentricity of Dial 

Installation

Ex: Error Analysis of Helix Structure
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Reading Error due to Eccentricity of Dial 

Installation

Reading error

Sine law

O -- Rotating center

O’ -- Geometrical center

e -- Eccentricity

-- Rotating angle of spindle

-- Reading error
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Ex: Error Analysis of Helix Structure
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Geometric Method

Advantages



Disadvantages


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Original Error

Local Error

Ex: 
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( ) 




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



: 
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






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   drdl 0
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: 

l-l 

 l-l 

 r0(φ)



   drdl 0
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Ex: 

Working principle of 0.001 dial 

indicator
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




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




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

Ex: 
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

Ex: 
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Functional lines and its 

transmission of 0.001 dial 

indicator
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Ex: Error Analysis of UIMM

1- ; 2- ; 3- ; 4-

; 5- ; 8- ; 9-

Working Principle of Universal Involute 

Measuring Machine (UIMM)
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Ex: Error Analysis of UIMM: Measurement 

Principle

L 

Working Principle of Universal 

Involute Measuring Machine 

(UIMM)
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Ex: Error Analysis of UIMM: Measurement 

Principle

Working Principle of Universal 

Involute Measuring Machine 

(UIMM)

0rl 

0rlsls 

Standard Involute

Measured Involute
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Ex: Error Analysis of UIMM: Measurement 

Principle

Working Principle of Universal 

Involute Measuring Machine 

(UIMM)

0rlsls 

Standard Involute

Measured Involute
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Ex: Error Analysis of UIMM: Case Study









…

Working Principle of Universal 

Involute Measuring Machine 

(UIMM)
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Ex: Error Analysis of UIMM: Case Study



 2 

3 

 5 8 

Working Principle of Universal 

Involute Measuring Machine 

(UIMM)
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Ex: Error Analysis of UIMM: Case Study
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Ex: Error Analysis of UIMM: Case Study

 e 




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Ex: Error Analysis of UIMM: Case Study







Next Slide …
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Ex: Error Analysis of UIMM: Case Study
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Ex: Error Analysis of UIMM: Case Study
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Mathematical Fitting Method

Mathematical Fitting Method is an effective method to 

analysis the principle errors of instruments.

To analysis the principle errors of instruments, the key 

problem is to obtain the actual relationship between the 

output and input of an instrument.

How to determine the actual relationship between the 

output and input of an instrument?

Next slide …

Principle error = 

actual relationship between the output and input –

ideal relationship between the output and input 
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Mathematical Fitting Method

How to determine the actual relationship between the 

output and input of an instrument?

Theoretical analysis

Design stage

Experimental measurement and data fitting

Manufacturing and evaluation stage

How to determine the actual relationship between the 

output and input of an instrument according the 

measurement data?

Mathematical fitting
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Mathematical Fitting Method

The problem of fitting a mathematical model to a set of 

measurements is common among many disciplines. 

In precision engineering, the model may

provide compensation for errors in a machine

separate feature errors from a part’s ideal shape

help diagnose systematic errors in a machine 

and/or process

The model could be static or dynamic and consist of 

nearly any mathematical function chosen by the user.
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Mathematical Fitting Method

The fitting process determines the 

values of model parameters that 

minimize a scalar measure of the 

residual errors between the fit and the 

measurements.

For least-squares fitting, the 

measure is the sum of squared 

errors otherwise known as the L2 

norm of the error vector.

Other measures of practical interest 

are the sum of absolute values (the 

L1 norm) and the peak-to-valley error 

(the L∞ norm).
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Mathematical Fitting Method: Least-Squares 

Fitting

The least-squares technique is the most tractable 

mathematically and arguably provides the best fit to a 

set of measurements.

The least-squares solution gives the maximum 

likelihood estimation of the fitted parameters when the 

measurement errors are independent and normally 

distributed with equal standard deviations [Press et al., 

1992].

For example, if the model is a constant, then the least-

squares solution is the average of the measurements.
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Mathematical Fitting Method: Least-Squares 

Fitting

Linear fitting

Polynomial least-squares

Nonlinear least-squares

Planar fit

Spherical fit

Fitting surfaces of revolution

Cylindrical fit

Conical fit

Fitting a general-form revolution

Fitting quadratic surfaces

Fitting cubic Splines
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Least-Squares Fitting: Linear Regression

The most familiar example is linear regression where 

the model is the equation of a line (a linear model)

The following Equation shows n such equations for n

measurements. It requires a vector of errors to account 

for the y-distance that the (x, y) data points differ from 

the straight line

exAy 



































































nnn e

e

e

b

a

x

x

x

y

y

y


2

1

2

1

2

1

1

1

1

                       
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

mailto:dhwang@cqu.edu.cn


57E-mail: dhwang@cqu.edu.cn

URL: http://www.pilab.coe.cqu.edu.cn/

Least-Squares Fitting: Polynomial Least-Squares

Choosing a best model

To use a collection of m data points                                to 

estimate the coefficients

Applying the least-squares criterion to this situation 

requires the minimization of

  m
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Least-Squares Fitting: Polynomial Least-Squares

How to solve the above equation systems?
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Least-Squares Fitting: Polynomial Least-Squares

is the estimation of

The actual relationship of output and input of an 

instrument

How to determine the principle errors of an instrument?
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Least-Squares Fitting: Polynomial Least-Squares

Ex: 2-1 (18-22 )

(Ui ti) (i 0,1,…,6), ti , Ui

2-1  

0 1 2 3 4 5 6 

ti/ 17.03 18.01 19.02 20.00 21.00 22.00 23.00

Ui/mV -0.17054 0.12556 0.41592 0.69679 0.97324 1.24212 1.50351

  32 01379.014410.034696.359456.17 UUUUft 
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Error Analysis of Control Systems

 ( )






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Error Analysis of Control Systems

Ex: 

Ex: 
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Error Analysis of Control Systems


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Error Analysis of Control Systems
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Error Analysis of Control Systems
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Error Analysis of Control Systems


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Error Analysis of Control Systems

13

21

211

1
ky

kk

yky
ex 






   
 

 2312

21

2

21

2

1

1
yk

kk

yky
es 






                       
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

mailto:dhwang@cqu.edu.cn


68E-mail: dhwang@cqu.edu.cn

URL: http://www.pilab.coe.cqu.edu.cn/

Vector Algebra





Ex: (Corner Cuber Prism) 

Corner Cuber Prism
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Vector Algebra

(Corner Cuber Prism) 

 3 1 

4 4 3 

4 



 3 ( )

                       
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

mailto:dhwang@cqu.edu.cn


70E-mail: dhwang@cqu.edu.cn

URL: http://www.pilab.coe.cqu.edu.cn/

Vector Algebra

 3 



3 

O 



2 

                       
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

mailto:dhwang@cqu.edu.cn


71E-mail: dhwang@cqu.edu.cn

URL: http://www.pilab.coe.cqu.edu.cn/

Vector Algebra
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Vector Algebra: Application

3 

 3 
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Vector Algebra

 3 3





 oyz

 oxz



 N1 N2


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Vector Algebra

Let
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Vector Algebra

N1 N2 
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Vector Algebra

A
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Vector Algebra

 NANAA  2'
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Vector Algebra

A1

                       
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

mailto:dhwang@cqu.edu.cn


79E-mail: dhwang@cqu.edu.cn

URL: http://www.pilab.coe.cqu.edu.cn/

Vector Algebra

A1

A2
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Vector Algebra

A2

A3
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Vector Algebra

A3 

A’ A3
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Vector Algebra

A3 N A’ N 
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Vector Algebra

3
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Vector Algebra

Next Slide…
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Vector Algebra:

 NANAA  2'
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Coordinator Transformation Method

, , 








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Coordinator Transformation Method
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Coordinator Transformation Method

x α
                       

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

mailto:dhwang@cqu.edu.cn


89E-mail: dhwang@cqu.edu.cn

URL: http://www.pilab.coe.cqu.edu.cn/

Coordinator Transformation Method

y β

z γ
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Coordinator Transformation Method

x, y, z x y z α β γ
                       

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

mailto:dhwang@cqu.edu.cn


91E-mail: dhwang@cqu.edu.cn

URL: http://www.pilab.coe.cqu.edu.cn/

Coordinator Transformation Method

Ex: Error Analysis of a laser interferometer



Michelson 

Interferometer
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Coordinator Transformation Method



1-- 2--
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Coordinator Transformation Method

 x

y α β

z γ

0z

1--

2--

N =
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Coordinator Transformation

α,β,γ

2 

N
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Coordinator Transformation

Let

2 
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Coordinator Transformation

2 z = 0 



, 

x 

2 z = 0 

Next Slide …

 、、
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Coordinator Transformation

2 z = 0 

2 z = 0 

 , 

, 

                       
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   

mailto:dhwang@cqu.edu.cn


98E-mail: dhwang@cqu.edu.cn

URL: http://www.pilab.coe.cqu.edu.cn/

Coordinator Transformation

x y z

,                                       
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Other Methods for Error Analysis

…… 
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Summary (1/2)

Basic concept

Error Analysis/Precision Analysis

Steps for Error Analysis and Calculation

Step 1. Determine error sources

Step 2. Analysis influence of each source to 

accuracy of instrument

Step 3. Precision propagation & accumulation

Error independent functional principle (EIFP)

Error analysis methods

…
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Summary (2/2)

Basic concept

Steps for Error Analysis and Calculation

Error independent functional principle (EIFP)

Error analysis methods

Differential method

Geometric method

Functional line and instantaneous arm method

Mathematical fitting method

Error analysis method for control systems

Vector Algebra

Coordinate Transformation

Other methods
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Thank you very much for 

your attention !

The End
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